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Abstract. Let T be a cancelation monoid with the neutral element 
e. Consider a T-graded ring A = © 7e rA 7 , which is not necessarily 
commutative. It is proved that A e , the degree-e part of A, is a local 
ring in the classical sense if and only if the graded two-sided ideal SXTt 
of A generated by all non-invertible homogeneous elements is a proper 
ideal. Defining a T-graded local ring A in terms of this equivalence, it is 
proved that any two minimal homogeneous generating sets of a finitely 
generated T-graded A-module have the same number of generators, and 
furthermore, that most of the basic homological properties of the local 
ring A e hold true for A (at least) in the T-graded context. 
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1. Introduction and Preliminaries 

Let T be a cancelation monoid, that is, T is a semigroup with a neutral element e, not 
necessarily commutative, and T satisfies the (left and right) cancelation law: 771 = 772 
implies 71 = 72, and 717 = 727 implies 71 = 72 for all 7,71,72 £ T. This paper studies 
a T-graded ring A = © 76 r^4 7 with the degree-e part A e a (commutative or noncommu- 
tative) local ring in the classical sense. As one may see from the literature, such graded 
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rings may have been widely occurring in both commutative and noncommutative algebra, 
commutative and noncommutative algebraic geometry as well as representation theory, 
but except for those well-known classical special cases (see the examples we give after 
Definition 2.6 in Section 2), they seemed to have not yet been explored systematically. 
The cut-in point of our work is to prove that A e is a local ring in the classical sense if and 
only if the graded (two-sided) ideal DJt of A generated by all non-invertible homogeneous 
elements is a proper ideal. So it is natural to call such graded ring A a Y-graded local ring 
and ask what properties of the (classical) local ring A e may hold true for A (at least) at 
the graded level. Exploring this question in some detail, although A is not necessarily 
commutative and DJt is generally not a maximal ideal of the ungraded ring A in the usual 
sense, and therefore the quotient ring A/9JI is generally not a division ring (or a field) and 
the localization techniques as well as the methods dealing with vector spaces no longer 
work, we then show that any two minimal homogeneous generating sets of a finitely gen- 
erated T-graded Amodule have the same number of generators, and furthermore, that 
most of the basic homological properties of the local ring A e hold true for A (at least) 
in the T-graded context. Our approach is carried out through the contents which are 
arranged as follows. 

1. Introduction and Preliminaries 

2. The T-Graded Local Ring A 

3. Minimal Homogeneous Generating Sets of Graded AModules 

4. Finitely Generated gr-Projective AModules are Free 

5. The Existence of gr-Projective Covers and Minimal gr-Free Resolutions over A 

6. Determining Homological Dimensions via A/9JI 

All rings considered in this paper are associative rings with multiplicative identity 1, 
not necessarily commutative; and all modules over a ring are unitary left modules. By a 
local ring in the classical sense we mean a ring R which has a unique maximal (left, right 
and two-sided) ideal m. It is well known that if R is a local ring with the maximal ideal 
m, then r G R — m if and only if r is invertible. Commutative local rings may be seen 
almost everywhere in each book on commutative algebra and algebraic geometry. For 
some interesting noncommutative local rings we refer to ([Lam], Ch.7, §19). 

Throughout this paper, T denotes a cancelation monoid with the neutral element e, 
as we fixed in the beginning. By a T-graded ring A we mean an associative ring with the 
multiplicative identity 1, which has a direct sum decomposition A = © 76 rAy, where each 
Ay is an additive subgroup of A (in the case that A is a i^-algebra over a field K, we 
require that Ay is a K-subspace of A), such that A 71 A J2 C Ay l72 for all 71,72 G T. For 
each 7 G T, we call Ay the degree-^ part of A. If 7^ a G Ay, then we call a a homogeneous 
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element of degree 7 and write d(a) = 7. For the basics about graded rings and graded 
modules we used in this paper, one may refer to [NVO] though it mainly deals with group 
G-graded rings. 

Let A = © 7er Ay be a T-graded ring as above. By the definition it is clear that the 
degree-e part A e is a subring of A, and by using the cancelation law on T, it is easy 
to check that 1 G A e (to emphasize its importance, this property is specified as Lemma 
2.1(i) in the next section). Let J be a (left, right, two-sided) ideal of A. If I is generated 
by homogeneous elements, then we say that i is a graded (left, right, two-sided) ideal of 
A. By using the cancelation law on T, it is straightforward to check that i is a graded 
(left, right, two-sided) ideal of A if and only if i = © 7gr i 7 with i 7 = I n A y if and only if 
a = °7i £ I with a 7i G A yi implies a 7i G I for all i if and only if A/I = © 7g r(A 7 + /)//. 
If each graded left ideal of A is finitely generated, then A is called a left gr-Noetherian 
ring. Similarly, a right gr-Noetherian ring is defined. If A is both a left and a right 
gr-Noetherian ring then it is called a gr-Noetehrian ring. 

Let A = © 7er ^4 7 be a T-graded ring. By a T-graded A-module M we mean a left 
A-module which has a direct sum decomposition M = © 7gr M 7 , where each M 7 is an 
additive subgroup of M (in the case that A is a i^-algebra over a field K, we require 
that My is a fT-subspace of M), such that A 71 M J2 C M 7l72 for all 71,72 G T. For each 
7 G T, we call M 7 the degree-'-/ part of M. If 7^ £ G M 7 , then we call £ a homogeneous 
element of degree 7 and write <i(£) = 7. Let if be a submodule of M. If H is generated 
by homogeneous elements, then we say that H is a graded submodule of M. By using 
the cancelation law on T, it is straightforward to check that if is a graded submodule of 
M if and only if H = © 7gr if 7 with if 7 = H n M 7 if and only if £ = J2i £7, G # witn 
£ 7i G M 7i implies £ 7t G if for all i if and only if M/H = © 7gr (M 7 + H)/H . If each graded 
submodule of M is finitely generated, then M is called a Ze/t gr-Noetherian module. 

Let M = © 7e rM 7 and iV = © 7g rA^ 7 be T-graded A-modules. If tp: M — > N is an 
A-module homomorphism such that </?(M 7 ) C iV 7 for all 7 G T, then we call tp a graded 
A-homomorphism. If M is a graded A-homomorphism, then it is easy to see that 

Kertp and Imy9 are graded submodules of M and respectively. 

Note that every T-graded A-module M has a generating set consisting of homoge- 
neous elements, which is usually called a homogeneous generating set. The lemma given 
below tells us that the cancelation law we assumed on T guarantees the very basic graded 
structure of T-graded modules, of which the verification is straightforward. 

1.1. Lemma Let A = © 7gr A 7 be a T-graded ring and M = © 7gr M 7 a T-graded A- 
module. If Q = {^}j g j is a homogeneous generating set of M, in which = 7« (not 
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necessarily distinct), i G J, then 

M 7 = J2 A ^ ^ eT - 

ieJ, 7,'7»=7 

□ 

A r-graded A-module F = © 7g r-P 7 is called gr-free if F is a free A-module (in the 
usual sense) but with a homogeneous free A-basis, namely F has a free A-basis fi = {e.i}i e j 
consisting of homogeneous elements. By Lemma 1.1, if e, G F 7i for some 7, G T, i G J, 
then 

F = ® i€j Aei, F 7 = 7 e T. 

*eJ, 7i7i=7 

Indeed, given any free A-module F = (BiejAei and an arbitrarily chosen subset T± = 
of (not necessarily distinct) elements of T, a gr-free A-module may be constructed 
as follows. For each 7 G T, if there are 7, G r\, 7^ G T such that 7 = 7^, then 
put F 7 = X^ieJ 7'7i=7^7i e *' otherwise put F 7 = {0}. Noticing that T is a monoid with 
the neutral element e and that T satisfies the cancelation law, one may directly check 
that F = (ByerFj is the desired gr-free A-module which has the homogeneous free A- 
basis Q, = {ei} ieJ with G F 7i . Thus, if M — © 7gr M 7 is any nonzero T-graded A- 
module, then, taking a homogeneous generating set | = 7i}igj of M, the subset 
Ti = {7«}iej C T and the gr-free A-module F = ©j g jAej as constructed above by 
assigning each the degree 7$ , the map ip: F — >■ M defined by <£>(ej) = £i is a graded A- 
epimorphism. Hence, every nonzero T-garded A-module is a graded homomorphic image 
of some gr-free A-module. 

Finally, before introducing the notion of a gr-projective A-module, we also need a 
fundamental result concerning projective objects in the T-graded context, which is an 
analogue of ([NVO], Corollary 1.2.2 with r = G a group; [MR], Proposition 7.6.6 with 
r = N the additive monoid of all nonnegative integers). As we are working with an 
arbitrary monoid T satisfying the cancelation law, to see why the classical result holds 
true as well in our case, a proof is included here. 

1.2. Proposition Let P = © 7g rP 7 be a T-graded A-module. The following statements 
are equivalent. 

(i) P is a gr-direct summand of a gr-free A- module, i.e., F = P © Q in which F = 
(BiejAei = (B ye rF~, is a gr-free A-module and Q = © 7g r<3 7 is a graded submodule of F, 
satisfying F 7 = P 7 + Q 7 for all 7 G T. 

(ii) Given any graded A-epimorphism ip: M — > N of T-garded Amodules, if tp: P — > N is 
a graded A-homomorphism, then there is a unique graded Ahomomorphism Tp: P — >■ M 
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such that the diagram 

M — > N ->■ 

is commutative. 

(iii) As an ungraded module, P is a projective A-module. 

Proof By virtue of graded A-homomorphisms, the proof of (i) (ii) is similar to the 
ungraded case, (i) =>- (iii) is obvious because, a gr-free A-module is certainly free as an 
ungraded module. 

(iii) =>- (i) Let | % G J} be a homogeneous generating set of P, and </?: F — >■ P 
the graded A-epimorphism defined by </?(ej) — ^i, where F = QiejAei = © 7g rF 7 is the 
gr-free A-module with homogeneous free A-basis {e^ | d(e,j) = i G J}. Since P 

is projective as an ungraded A-module, <p splits, i.e., there is an A-homomorphism j3: 
P — > F such that (p/3 = lp. Note that the splitting homomorphism (5 need not be a 
graded A-homomorphism. But if we define Tp: P — >■ P with ^(x 7 ) = / 7 , where x 7 G P 7 , 
/3(x 7 ) = / 7 + Ylj fij with / 7 G P 7 , / 7j G F 7j . and 7 7^ 7^, then, with the aid of cancelation 
law on T, a direct verification shows that </? is a graded A-homomorphism, in particular, 
Tp^a^x-y) = ayTp(x 7 ) for all ay G Ay and rr 7 G P 7 , 7', 7 G T (this is the key point), such 
that ipTp = lp. Thus, the graded A-homomorphism Tp splits (p in degrees and therefore, 
(i) is proved. □ 

A T-graded A-module P = (B-y^rPy is called a gr-projective module if it satisfies one 
of the equivalent conditions of Proposition 1.2. 



2. The T-Graded Local Ring A 

Let T be a cancelation monoid with the neutral element e, and A = © 7e rA 7 a T-graded 
ring. In this section we introduce the notion of a T-graded local ring by showing that 
the degree-e part A e of A is a local ring in the classical sense if and only if the graded 
two-sided ideal DJi of A generated by all non-invertible homogeneous elements is a proper 
ideal. 

We start with some preliminaries. First note that A e is a subring of A. Let a G A 1 
be a homogeneous element of degree 7. We say that a is left (right) gr-invertible if there 
is a homogeneous element b of A such that ba — 1 (ab — 1). If a is both left and right 
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gr-invertible, we say that a is gr-invertible. The properties (i) and (ii) mentioned in the 
first lemma below may be directly checked by using the cancelation law assumed on V. 

2.1. Lemma (i) The (multiplicative) identity 1 of A is a homogeneous element of degree 
e, i.e., 1 G A e . 

(ii) If a homogeneous element a G Ay is left (right) invertible in A, then it is left (right) 
gr-invertible. 

□ 

From now on in our discussion we shall freely use the property Lemma 2.1 (i) without 
additional indication. 

Now, suppose that the degree-e part A e of A is a local ring in the classical sense. 
Writing m for the unique maximal ideal of A e , as usual we use (A e , m) to indicate that 
A e is a local ring with the maximal ideal m. 

2.2. Lemma Let A = © 7er A 7 and (A e , m) be as fixed above. If a homogeneous element 

left invertible, then it is also right invertible and hence invertible. Similarly, if 
a homogeneous element a 7 G Ay is right invertible, then it is also left invertible and hence 
invertible. 

Proof Suppose that the homogeneous element a 7 G Ay is left invertible. Then, it is left 
gr-invertible by Lemma 2.1, i.e., there is a homogeneous element, say 6 7l G A yi , such that 
6 7l a 7 = 1. Let a 7 6 7l = c. Then c is a homogeneous element and 

a 7 = a 7 (6 71 a 7 ) = ca 7 . (1) 

Since T satisfies the right cancelation law, it follows from the equality (1) that c G A e . 
Note that from (1) we also have (1 — c)a 7 = 0. Noticing a 7 ^ 0, we conclude that c^m. 
Thus, c is invertible in the local ring A e and hence a 7 (6 7l c _1 ) = 1, showing that a 7 is also 
right invertible. 

By using the left cancelation law on T, the second assertion is proved in the same way. 

□ 

2.3. Proposition Let A = © 7g rA 7 and (A e , m) be as in Lemma 2.2. The following 
statements hold. 

(i) Let {Li | i G /} be the set of all proper graded left ideals of A and £ = J2iei ^i- Then 
Ii is a proper graded left ideal of A. 

(ii) Let {Rj | j G J} be the set of all proper graded right ideals of A and $K = Xljej-^i- 
Then D\ is a proper graded right ideal of A. 
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(iii) Let {Tfc | k G K} be the set of all proper graded two-sided ideals of A and 9Jt = 
T^keK^k- Then 971 is a proper graded two-sided ideal of A. 

(iv) £ = m = m. 

(v) Each homogeneous element a G A 7 — Wl is gr-invertible, 7 G T, namely there is a 
homogeneous element b of A such that ab = ba = 1. Hence, 9Jt is, as a graded ideal of A, 
generated by all non-invertible homogeneous elements of A. 

(vi) mnA e = m. 

Proof (i) - (iii) Suppose the contrary that 1 G £. Then 1 = ~Y^tL\ a k with G {Li t ) e = 
L it H A e , and there is at least one Oj t which is not contained in the maximal ideal m of 
A e . But then is invertible in A e and thus Lj t would not be a proper graded left ideal, a 
contradiction. Hence, £ is a proper graded left ideal of A. In a similar way, we can prove 
that 91 is a proper graded right ideal of A, and that 971 is a proper graded two-sided ideal 
of A. 

(iv) We need only to show that £ = £H because, by (i) - (iii), it is then clear that 
£ = Wl = 91. Let a G £ 7 be a nonzero homogeneous element of degree 7 in £. We 
claim that the graded right ideal aA is a proper right ideal of A and hence a G aA C 91. 
Otherwise, 1 G would mean that a is right invertible and then, it follows from Lemma 
2.2 that a is also left invertible, implying that £ would not be a proper left ideal. This 
contradiction confirms our claim. Since a G aA C £H holds for each homogeneous element 
a of £, we have £ C 91. Similarly, by using Lemma 2.2 we can prove 9^ C £. Therefore, 
£ = 91, as desired. 

(v) If a G A,, — Wl, then it follows from (iv) that Aa = A = aA. Hence a is gr-invertible 
by Lemma 2.1. 

(vi) Since 9Jt is a proper graded two-sided ideal of A by (iii), each a G Wl fl A e is not 
invertible. So, a G m. This shows that 9Jt fl A e C m. Conversely, for each 7^ 6 G m, we 
claim that is a proper graded left ideal of A and hence b G C 9JT by (iv). Otherwise, 
1 G i& would mean that b is invertible in A e , contradicting b G m. Thus, our claim is 
true and hence m C 9JI fl A e . Consequently, 9Jt fl A e = m. □ 

Conversely, we have the next proposition, of which the verification is straightforward 
and so is omitted. 

2.4. Proposition Let A = © 7er A 7 be a T-graded ring, and let 9Jt be the graded two- 
sided ideal of A generated by all non-invertible homogeneous elements. If 971 is a proper 
ideal of A, then the following statements hold. 

(i) Each homogeneous element a G A 7 — 9Jt is gr-invertible, 7 G T. Hence, 9JI is the unique 
maximal graded (left, right and two-sided) ideal of A. 
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(ii) A e is a local ring in the classical sense, which has the unique maximal (left, right and 
two-sided) ideal m = DJl n A e . 

(iii) The quotient ring D = A/9JI is a T-graded division ring, that is, each nonzero 
homogeneous element of D is gr-invertible. In particular, D e = A e /m is a division ring. 

□ 

Combining Proposition 2.3 and Proposition 2.4, we are able to mention the main result 
of this section. 

2.5. Theorem Let T be a cancelation monoid with the neutral element e, and let 
A = © 7e r^7 be a T-graded ring. Then A e , the degree-e part of A, is a local ring in 
the classical sense if and only if the graded two-sided ideal 971 of A generated by all 
non-invertible homogeneous elements is a proper ideal. □ 

Naturally, Theorem 2.5 leads to the following 

2.6. Definition Let T be a cancelation monoid with the neutral element e, and let 
A = © 7er ^7 be a T-graded ring. If A e , the degree-e part of A, is a local ring in the 
classical sense, then we call A a T-graded local ring. 

By Definition 2.6, the class of T-graded local rings includes a lot of well-known algebras 
in both the commutative and noncommutative contexts. For instance, any (commutative 
or noncommutative) connected N-graded i^-algebra A = ® p >qA p with Aq = K a field; 
any (commutative or noncommutative) N-graded ring A = ® p >qA p with Aq a local ring 
(in the commutative case such A is called a generalized local ring in the sense of [GW], see 
also [Eis] P.510), as to which, some results concerning the global homological dimension 
were obtained in [Lil]; and any commutative Z-graded (or N-graded) *local ring in the 
sense of [BH]. 

More generally, let T be a cancelation monoid with the neutral element e, and A = 
© 7e rA 7 a T-graded ring such that A e is a commutative ring contained in the center of A. 
If p is a prime ideal of A e , then, with respect to the multiplicative subset S p = A e —p, the 
classical central localization S^A = ® ie rS~ 1 A 1 of A at p is a T-graded local ring in which 
the degree-e part (S p 1 A) e = S^Ae is a local ring with the maximal ideal m = S^p; if 
furthermore A e is a commutative domain and S = A e — {0}, then (S~ l A) e = S^Ae is a 
field. 

Convention In light of Proposition 2.3 and Proposition 2.4, from now on in this paper 
we shall also alternatively use the equivalent of Definition 2.6, that is, we say that the 
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T-graded ring A = © 7g r^7 is a T-graded local ring if the graded two-sided ideal 97T of 
A generated by all non-invertible homogeneous elements is the unique maximal graded 
(left, right and two-sided) ideal of A, and we just simply say that 97T is the maximal 
graded ideal of A. Moreover, the property m = 97t fl A e will be freely used without extra 
indication, where m is the unique maximal (left, right and two-sided) ideal of A e . 

Remark Let = © 7er ^4 7 be a T-garded local ring with the maximal graded ideal 97t. Then 
D = A/Wl is a T-graded division ring by Proposition 2.4. If T = Z is the additive group 
of all integers, then it follows from ([NVO], Corollary 1.4.3) that either D = D in case 
the gradation is trivial, or else D = D [x, x -1 , </?], where ip is a ring automorphism of D , 
and x is an indeterminate such that x\ = ip(a)\ for all A e D ; moreover, D is a left and 
right principal ideal domain. However, as pointed out in ([NVO], Remark 1.4.4), for more 
general monoid V (even if V is a group) the graded division ring D may not necessarily 
have the structure as with T = Z. Nevertheless, some basic properties of modules over D 
will be discussed in Section 4. 

3. Minimal Homogeneous Generating Sets of Graded 
A-Modules 

Throughout this section, we let T be a cancelation monoid with the neutral element e, and 
let A = © 7er ^7 be a T-graded local ring (in the sense of Definition 2.6) with the maximal 
graded ideal 971. Our aim below is to show that any two minimal homogeneous generating 
sets of a finitely generated T-graded A-module M have the same number of generators, 
and that in certain cases, the number of degree-7 homogeneous elements contained in 
each minimal homogeneous generating set is the same. 

Let M be a T-graded A-module with homogeneous generating set VL = {^}j e j. If any 
proper subset of fl cannot be a generating set of M, then we call Q a minimal homogeneous 
generating set of M. It is easy to see that any homogeneous free A-basis X of a gr-free A- 
module F is a minimal homogeneous generating set of F. But for an arbitrary A-module 
M, if M is not finitely generated, in general we do not know whether M has a (finite or 
infinite) minimal generating set or not. Nevertheless, for the completeness, let us first 
make it clear that if an A- module has an infinite minimal generating set, then any two 
minimal generating sets of A have the same cardinality. The argument on this property 
is actually the same as dealing with vector spaces over a (skew) field (see e.g. [Lan]). To 
be convinced, we also present a detailed proof. 



9 



We first mention an easy but useful lemma. 



3.1. Lemma Let M be an A-module. If M is finitely generated, then any minimal 
generating set of M is finite. 



3.2. Theorem Let M be a left A-module with an infinite minimal generating set T. 
Then any other minimal generating set T' of M has the same cardinality as T. 

Proof First note that T' must be infinite by Lemma 3.1. Since T generates M, for each 
rj E T', we have 77 contained in the submodule generated by a finite subset T, q of T. 
Put T* = U v£T ,T v . Then V C (T*) and hence (T") = M = (T*). Thus T* = T by 
the minimality of T. Furthermore, as each T v is finite and T' is infinite, we can find an 
injective map from T v into T' . It follows that we can find an injective map from T* to 
V x V. So, the cardinality |T| of T = T* is at most the cardinality \T' x T'| of V x T'. 
But since V is infinite, |T'| = \V x T'| holds by Theorem 3.6 from Appendix 2 of [Lan]. 
Consequently \T\ < \T'\. By symmetry we conclude \T\ — \T'\. □ 

We now deal with finitely generated T-graded A-modules. 

3.3. Proposition Let M be a T-graded A-module and let 7\ = {^1, . . . , pi, ... , f3 q } 
and T 2 = {r^i, , be two finite homogeneous generating sets of M such that 
{^1, . . . , £ m } fl {?7i, . . . , ?7n} = 0- Suppose that T 2 is a minimal homogeneous generating 
set of M. The following two statements hold. 



(ii) Let Hi denote the number of homogeneous elements of degree 7; in T 2 . If T is a totally 
ordered monoid with the total ordering -<, such that the neutral element e of T is the 
smallest element of T, then Ti contains at least rii homogeneous elements of degree 7$. 

Proof (i) Suppose the contrary that n > m. Since both T\, T 2 are homogeneous gener- 
ating sets of M, the ^j's can be generated by T 2 , that is, there are homogeneous elements 
Bij, D ir G A such that 



□ 



(i) n < m. 



6 = 



with d(£i) = d(D ir r) r ) = d(B ij /3 j ); 



1 < i < m 



(1) 



and on the other hand, there are homogeneous elements H u , E X j e A such that 



with ^(771) = d(ffiiCi) = 



(2) 
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Substituting each ^ in (2) by (1), we have 

m / q n \ q 

m = J2 H ^ ( + J + Y. E ^o 

i=l \j=l r=l / j=l 

(3) 

q / / m \ \ n m m 

j=l \ \i=l J J r=2 i=l i=l 

Put / = ^™ =1 HiiDii. Then f ^ 0. Otherwise, (3) would mean that T2 is not minimal. 
Since all homogeneous terms on the right-hand side of (3) have the same degree d(i]i) 
by (1) and (2), the right cancelation law we assumed on T entails that all homogeneous 
elements HuDu occurring in the representation of / must be contained in A e . Note 
that A e is a local ring in the classical sense, which has the maximal ideal m = OJt n A e 
(Proposition 2.4). So, 1 — v is invertible in A e for all v G m. It follows once again from the 
minimality of T 2 that there is at least one i* such that H u *Di*i ^ and Hu*Di*i G A e — m. 
Consequently, there is some c G A e — m such that H li *{D i * 1 c) = 1. This shows that H u * 
is right invertible. But by Lemma 2.2, H u * is also left invertible and hence invertible. 
Therefore, rewriting (2) as 

m q 

771 = Hu^i* + Y + ^2 E vPii 

we have 

(m q \ 

i=i / 

Since T = Ti U {771} is also a homogeneous generating set for M, the formula (4) turns 
out that 

T3 = T — = {£1, . . . , • • • , Cm, A, A?, ?7i} 

is a homogeneous generating set of M. 

With Ti replaced by T 3 , we can repeat the substitution procedure as presented above 
and so forth, until the remained £1, . . . , £i*+i, • • • and £ m are replaced by 772, 773, . . . 
and 7/ m successively. So, totally after m substitutions we reach a homogeneous generating 
set {771, . . . , ?7 m , Pi, ... , (3 q } for M, which is a proper subset of T 2 . This contradicts the 
minimality of T 2 . Therefore n < m, as desired. 

(ii) If T is a totally ordered monoid with the total ordering -<, then 71 -< 72 implies 
717 -< 727 and 77! -< 772 for all 71, 72, 7 G T. By the totality of -< it is easy to see that T 
satisfies the (left and right) cancelation law. If furthermore the neutral element e of T is 
the smallest element, then it is clear that the homogeneous element Hu*, obtained in the 



11 



proof of (i) such that Hu*D i * 1 G A e — m, itself is contained in A e — m. It follows that 
the inverse element H^l of Hu* is of degree e and hence = d(r)i). This proves the 

desired assertion. □ 



We are ready to mention the main result of this section. 

3.4. Theorem Let A be a T-graded local ring as before and let M be a finitely generated 
T-graded A-module. 

(i) Any two minimal homogeneous generating sets of M have the same number of gener- 
ators. 

(ii) If T is a totally ordered monoid with the total ordering -<, such that the neutral element 
e of T is the smallest element of T, then any two minimal homogeneous generating sets of 
M contain the same number of homogeneous elements of degree 7 for all 7 G T. □ 

We end this section by pointing out that in a similar way as presented in the proof 
of Proposition 3.3, it may be shown that if A e is contained in the center of A, then the 
results of Theorem 3.4 hold true for any finitely generated graded two-sided ideal of A, 
that is, we can mention the next 

3.5. Proposition Let A be a T-graded local ring as before and let / be a finitely generated 
graded two-sided ideal of A. Suppose that A e is contained in the center of A, then the 
following two statements hold. 

(i) Any two minimal homogeneous generating sets of / have the same number of genera- 
tors. 

(ii) If T is a totally ordered monoid with the total ordering -<, such that the neutral element 
e of T is the smallest element of T, then any two minimal homogeneous generating sets of 
/ contain the same number of homogeneous elements of degree 7 for all 7 G T. 

4. Finitely Generated gr-Projective A-Modules are 
Free 

Let T be a cancelation monoid with the neutral element e, and let A = © 7er ^7 be a T- 
graded local ring (in the sense of Definition 2.6) with the maximal graded ideal 971. In this 
section we show that every finitely generated gr-projective A-module is free. Concerning 
the basics of gr-free A-modules and gr-projective modules, one is referred to Section 1. 

Noticing that every T-graded division ring is a special T-graded local ring, we start by 
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showing that T-graded modules over a T-graded division ring D = (B-yerD^ behave very 
like modules over the usual (ungraded) division rings. Since each nonzero homogeneous 
element of D is gr-invertible, i.e., if 7^ s 7 G D y then there is some homogeneous element, 
say s 71 G D 71 , such that s 7l s 7 = 1 = s 7 s 71 , given a nonzero T-graded D-module E, 
naturally we can talk about the gr-linear independence of homogeneous elements in E. 
More precisely, let T be a nonempty subset of E consisting of homogeneous elements. 
For any q > 1, . . . , £ iq G T and homogeneous elements s 7l , . . . , s lq G D, if d(s 11 ^i 1 ) = 
• ■ • = d(sy q ^i q ) and X)|=i s 7j£«j = imply s 7l = • • • = s lq = 0, then we say that T is 
a gr-linearly independent homogeneous subset of E 1 . If, with respect to the set theoretic 
inclusion relation, T is maximal among all gr-linearly independent homogeneous subsets 
in E, then we call T a maximal gr-linearly independent homogeneous subset. 

By the cancelation law on T it is easy to see that the gr-linear independence of ho- 
mogeneous elements defined above is equivalent to the usual linear independence of ho- 
mogeneous elements over D, namely for any q > 1, . . . , £ iq G T and /1, . . . , f q G D, if 
EJ=i ffo = then h = -.. = f t = 0. 

4.1. Proposition Let D = © 7e r-D 7 be a T-graded division ring, and E a nonzero 
T-graded D-module. The following statements hold. 

(i) Each gr-linearly independent homogeneous subset V of E is contained in a maximal 
gr-linearly independent homogeneous subset of E. 

(ii) E is a gr-free D-module (and hence a free D-module). Indeed, each maximal gr- 
linearly independent homogeneous subset S of E forms a homogeneous free D-basis for 
E; and moreover, S also plays the role as a minimal homogeneous generating set of E. 

(iii) Each minimal homogeneous generating set S of E is a homogeneous free D-basis for 
E, and moreover, S is also a maximal gr-linearly independent homogeneous subset of E. 

(iv) Each homogeneous free D-basis of E is a minimal homogeneous generating set of E. 
Any two homogeneous free D-bases of E have the same cardinality. 

Proof (i) Let V be a gr-linearly independent homogeneous subset of E and X the set of 
all gr-linearly independent homogeneous subsets containing V in E. Since E 7^ {0} and 
each nonzero homogeneous element in D is gr-invertible, we have X 7^ 0. Partially order 
X by set theoretic inclusion. Then, actually as for establishing the existence of a basis for 
vector spaces over a division ring, we can use Zorn's lemma to find a maximal element S 
in X which is clearly a maximal gr-linearly independent homogeneous subset of E. 
(ii) It is straightforward to check that a maximal gr-linearly independent homogeneous 
subset S is a homogeneous free D-basis of E, and that S is also a minimal homogeneous 
generating set of E. 
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(iii) The existence of a minimal homogeneous generating set for E is given by (i) and (ii). 
Let S be any minimal homogeneous generating set of E. Then it is straightforward to 
verify that S is a gr-linearly independent homogeneous subset of E and hence a homo- 
geneous free D-basis for E. To see S is a maximal gr-linearly independent homogeneous 
subset, let S\ be a gr-linearly independent homogeneous subset such that S C Si. But by 
(i) and (ii), there is a maximal gr-linearly independent homogeneous subset S2, which is 
also a minimal homogeneous generating set of E, such that S C S± C S2. It follows that 
S — S 1 — S 2 , showing that S is maximal. 

(iv) That a homogeneous free D-basis of E is a minimal homogeneous generating set 
of E is clear. Since a T-graded division ring is certainly a T-graded local ring in the 
sense of Definition 2.6, from the discussion of Section 3 we know that any two minimal 
homogeneous generating sets of E have the same cardinality. □ 

Let D = (B^erD.y and E be as in Proposition 4.1. Then we can define the gr-rank of 
E as the cardinality of a minimal homogeneous generating set of E. 

Now, let us return to a general T-graded local ring A = © 7e r^7 with the maximal 
graded ideal 9Jt. Then, the degree-e part A e of A, where e is the neutral element of T, is 
a local ring (in the classical sense) with the maximal ideal m = Wl n A e . Moreover, we 
note that DJt is the graded Jacobson radical J 9 (A) of A in the usual graded context (c.f. 
[NVO]), i.e., J 9 (A) = 9Jt. So, a monoid graded version of Nakayama's lemma holds true 
for T-graded A-modules. To see how 9JI works in the monoid graded case, we include a 
proof here. 

4.2. Lemma Let L be a graded left ideal of A which is contained in 9Jt, and let M be a 
finitely generated T-graded A-module. If LM = M, then M = {0}. 

Proof We do induction on the number of generators of M. Let £1, . . . , & be homogeneous 
generators of M, i.e., M = J2i=i ^ LM = M, then by the cancelation law on T (or 
Lemma 1.1), £1 has a representation 

6 = cifi + C2C2 H h c s £ s , 

in whcih each q is a homogeneous element of LA C 97t such that = for each 

Cj£i 7^ 0. If Ci = 0, then M can be generated by s — 1 elements. If ci 7^ 0, then by the 
cancelation law on T we have c\ G 9Jt fl A e = m. It follows that £1 = (1 — ci) -1 X)i=2 c *£*' 
showing that M can be generated by s — 1 elements. Hence the proof is complete by 
induction. □ 
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4.3. Corollary Let L be a graded left ideal of A which is contained in 9JT, and let M be a 
finitely generated T-graded A- module, and H a graded submodule of M. If M = H + LM, 
then M = H. 



4.4. Proposition Let M be a nonzero and finitely generated T-graded A-module, and 
Q = {£i,...,£ s } C M a subset of homogeneous elements. Considering the T-graded 
division ring D = A/Wl, the following two statements are equivalent. 

(i) fl is a minimal homogeneous generating set of M. 

(ii) H ={&,..., where each & = & + 9JtM is the residue class of & in £7 = M/9JTM, 
is a homogeneous D-basis for the free D-module E 1 . 

Proof (i) =>- (ii) Since M ^ {0} and hence E ^ {0} by Lemma 4.2, that generates 
E is clear. It remains to show that Q is a gr-linearly independent homogeneous subset 
in E. To this end, by Lemma 1.1 we assume that J2i=i®i£.i = 0> i n which each a7 = 
a,i + 9Jt G -D = A/Wl with a; G A — Wl a homogeneous element, and all the have the 
same degree, say 7. Then ^=1 a i£« e TIM n M 7 and X)i=i = Si=i where, by 
the cancelation law on T, each 6j is a homogeneous element in DJi and all the nonzero 
have the same degree 7. Noticing that A is T-graded local and hence each homogeneous 
<2j G A — 971 is gr-invertible, we should have a^j 7^ 0, 1 < 2 < s. Since ai£i 7^ implies 



the minimality of Q entails a^&i^i 7^ 0. Thus, the homogeneous element £1 and the 
homogeneous element a^&i^i have the same degree. It follows from the cancelation law 
on T that a^bi G A e fl 9Jt = m, and consequently, £1 = (1 — a^&i) -1 ^ 1 ^1=2^ ~ a i)ih 
contradicting the minimality of Vl. This shows that we must have a\ G Wl, i.e., al = 0. 
Similarly, = for 2 < i < s. Therefore Q is a gr-linearly independent homogeneous 
subset of E, as desired. 

(ii) =>- (i) Suppose that Q is a D-basis for the free D-module E = M/WIM. Then 
M = J2Ui Mi+WM, and it follows from Corollary 4.3 that M = £)f =1 Furthermore, 
the minimality of fl follows from the gr-linear independence of fl over D. 



Let F = (Bi<zjAei be a gr-free A-module with the homogeneous free A-basis {ej}j S j 
(see Section 1). Then {ej}j e j is certainly a minimal homogeneous generating set of the 
r-graded A-module F. So, comparing with the gr-rank of graded D-modules defined after 



□ 




i=2 



□ 



15 



Proposition 4.1, it follows from the discussion of Section 3 that we may also define the 
gr-rank of F as the cardinality of {ej}j e j. 

Remark At this stage, one should be aware of a delicate point, namely we do not know 
generally whether an infinite minimal homogeneous generating set of a gr-free A-module 
F is a free A-basis or not. But for a finitely generated gr-free A- module F, this is not a 
problem (see Theorem 4.6 below). 

4.5. Lemma Let M be a finitely generated T-graded A-module with homogeneous 
generating set Q = {£i, . . . , £ s }. If F — ® s i=1 Aei is the T-graded free A-module of gr- 
rank s with d(ei) = d(£i), ip: F — > M is the canonical T-graded epimorphism defined by 
(p(ei) = £j, and K = Kenp, then K C if and only if is a minimal homogeneous 
generating set of M. 

Proof Suppose that Vl is a minimal homogeneous generating set of M. Note that K is a 
T-graded submodule of F. Let / = YH=i a i e i a homogeneous element of degree 7 in K. 
Then, by the construction of F, all the Oj's are homogeneous elements of A and d(aiei) = 
• • • = d(a s e s ) =7. If / ^ OJIF, then since A is T-graded local, one of the coefficients, 
say ai, must be invertible. But </?(/) = Z)i=i a «£« = ^, so that £x = — a^CX)^ a i£i)> 
contradicting the minimality of Q. 

Conversely, suppose K C If fii = . . . , & J C n is such that M = £* =1 

but some £ g Qi, then by Lemma 1.1, £ q has a representation £ 9 = X^=i a jiiji m which 
the a/s are homogeneous elements of A such that d(aj^i j ) = d(£ q ). Thus, e q — X^=i a i e ij £ 
Kei(f — K C 9JtF and hence e 9 — X)$=i a j e «j = Si=i w hh each bi G QJt a homogeneous 
element. Comparing the coefficients of e^'s, it follows that 1 G Wl, a contradiction. This 
shows the minimality of Q. □ 

4.6. Theorem Let P be a finitely generated gr-projective A-module (see Proposition 
1.2). Then P is a free A- module. Indeed, any minimal homogeneous generating set 
Q — {£1, . . . , £ s } of P forms a free A-basis of P. 

Proof Starting with a minimal homogeneous generating set Q = {£1, . . . ,£ s } of P, we 
have the gr-free A- module F = ® s i=l Aei of gr-rank s with d(ei) = 1 < « < s, 

and the canonical T-graded epimorphism F^^-P defined by tp(ei) = £j. Put K = Ker<^. 
Since P is a projective A-module, the exact sequence of T-graded modules and T-graded 
A-homomorphisms 

O^K^F^P^O 

<p 

splits. So, F = K © P with P = P. By the minimality of Q and Lemma 4.5, we 
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have K C TIF. Thus, K C = 9Jti^ © 9J1P gives rise to X = As F is finitely 

generated, it follows from K = F/Pq that K is finitely generated. Hence K = by Lemma 
4.2. This shows that is an isomorphism, and consequently, P is a free A-module with 
a free A-basis. □ 

4.7. Corollary Suppose that A is left gr-Noetherian and that every finitely generated 
T-graded A-module has finite projective dimension (i.e. A is graded left regular). Then 
every finitely generated T-graded A-module has a finite free resolution, that is, there is 
an exact sequence of finite length 

— >■ F n — >■ F n _! — >■ • • • — ► F — ► M — >• 

in which each Fi is a gr-free A-module of finite gr-rank. 

5. The Existence of gr-Projective Covers and Minimal 
gr-Free Resolutions over A 

Let T be a cancelation monoid with the neutral element e, and let A = © 7er A 7 be a 
T-graded local ring in the sense of Definition 2.6. As before, we write Wl for the maximal 
graded ideal of A, and write m for the maximal ideal of the (classical) local ring A e , where 
m = Wl fl A e by Proposition 2.4. Our aim in this section is to establish, up to a graded 
isomorphism of chain complex, 

(1) the existence of a unique gr-projective cover for every finitely generated T-graded 
A-module, and 

(2) the existence of a unique minimal gr-free resolution for every finitely generated T- 
graded A-module, in the case that A is left gr-Noetherian (i.e. each graded left ideal 
of A is finitely generated). 

Let M be a T-graded module over the T-graded local ring A. As in the ungraded case 
(e.g. [AF], P. 72, P. 199), we say that a graded submodule iV of M is gr- superfluous if, 
whenever H is a graded submodule of M with H + N = M, then H = M; and we say 
that a T-graded epimorphism e: P — > M, where P is a T-graded projective A-module, is 
a gr-projective cover of M if Kere is gr-superfluous. 

Before proceeding to discuss the gr-projective cover, let us bear in mind the fact that ev- 
ery gr-projective module is, as an ungraded module, projective in the usual sense (Propo- 
sition 1.2). 

5.1. Proposition The following two statements hold for a T-graded A- module M. 
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(i) Suppose that M has a gr-projective cover e: P — > M. Then for any T-graded epi- 
morphism ip: Q — > M, where Q is a T-graded projective A-module, there is a T-graded 
epimorphism p: Q — > P such that the diagram 

<2 

P — > M ->■ 



is commutative. Moreover, Kery? C Ken/>, and Q = P © Ker</? with P = P . 

(ii) If /: Mx — > M 2 is a graded isomorphism of T-graded A-modules and if s^. Pi — > M x 
and e 2 . P 2 — > M 2 are gr-projective covers, then there is a graded isomorphism of T-graded 
short exact sequences 

Kerci — > Pi Mi ->■ 









/ 











-> Kerc 2 — ► P 2 M 2 ->■ 

Hence, any two gr-projective covers of M are isomorphic. 

Proof (i) If ip: Q — > M is any T-graded epimorphism, where Q is a T-graded projective 
A-module, then the projectiveness of P and Q yield two graded homomorphisms p and 
ip such that the diagram 

Q 

P — > M ->■ 

I 



is commutative in an obvious way, that is, iptp' = e, ep = ip. It follows that e(pp') = s. 
Thus, for any x G P we have e((<p<p')(x)) = s(x), implying x — ip(ip'(x)) G Kere. This 
turns out that P = Imp + Kere. Since Kere is gr-superffuous, P = Imp and hence tp is 
epic. Concerning the remained assertions, Kerp C Ker^ follows from eip = ip, and the 
direct decomposition Q = P © Ker<p may be obtained from the fact that the epimorphism 
ip splits. 

(ii) By (i), there is a graded epimorphism ip: P\ —t P 2 such that je\ = e 2 p>. Since / 
is an isomorphism, it follows that Kery? = Ker£i. On the other hand, since ip splits we 
have Pi = Im0© Kerp> = ImipQ) Kerei, where ip: P 2 — > Pi is the graded homomorphism 
such that (pip = lp 2 . As Ker^i is a gr-superffuous submodule of Pi, we have Imip = P x . 
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Thus, i\) is an isomorphism and so is ip. Finally, the desired isomorphism of short exact 
sequences can be completed in an obvious way. □ 



Based on Corollary 4.3, Lemma 4.5 and Proposition 5.1(h), we are able to derive the 
existence of a unique gr-projective cover for every finitely generated graded A-module. 

5.2. Theorem Every finitely generated T-graded A-module M has the following two 
properties. 

(i) The graded submodule of M is gr-superfluous. 

(ii) Up to a graded isomorphism, M has a unique gr-projective cover. 

□ 

Let M be a finitely generated T-graded A-module. We say that M has a minimal 
gr-free resolution if there is an exact sequence of T-graded modules and graded homomor- 
phisms 

. . . _^ Fn Jf^ Fn _ 1 ^ . . . JPL, Fl J£l> Fo M — ► 

satisfying 

(a) each F n , n > 0, is a gr-free A-module of finite gr-rank, and 

(b) Imcp n C SWF n _i, n > 1. 

5.3. Theorem Suppose that A is left gr-Noetherian (i.e. each graded left ideal is finitely 
generated). Then, up to a graded isomorphism, every finitely generated T-graded A- 
module M has a unique minimal gr-free resolution. 

Proof Since A is left gr-Noetherian by the assumption, a minimal gr-free resolution of M 
can be constructed by using Lemma 4.5 and Theorem 4.6; and the uniqueness of such a 
resolution is guaranteed by Theorem 3.4 and Theorem 5.2. □ 

Let T be a totally ordered cancelation monoid with the total ordering -<, such that 
the neutral element e of T is the smallest element of T. If M is a finitely generated T- 
graded A-module over a T-graded local ring A, then by Theorem 3.4(h), any two minimal 
homogeneous generating sets of M contain the same number of homogeneous elements of 
degree 7 for all 7 e T. Thus, if furthermore A is left gr-Noetherian and if 

T. ■ ■ ■ — > F n ^ F n _x ^ ■ ■ ■ ^ F l ^ F ^ M — ► 

is a minimal gr-free resolution of M in which each Fi = (Bf^Aeij is a gr-free A-module 
with the homogeneous free A-basis {eij} S j = i, then, as with a commutative polynomial 
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algebra over a field K or as with a connected N-graded algebra over a field K, we can 
define, for each 7 e T, the Y-graded Betti number of M, denoted /?j j7 (M), as 

A )7 (M) = # {e lt G K)7 , I d( eij ) = 7} ; 

and we can then define the tote/ Y-graded Betti number as fii(M) = ^ 7 er 

At this stage, we will not further explore to what extent A can be studied by virtue of 

the T-graded Betti numbers, because such topic has been beyond the scope of this paper. 

6. Determining Homo logical Dimensions via A/DJl 

Let A = © 7e r^7 be a T-graded local ring (in the sense of Definition 2.6) with the graded 
maximal ideal DJl, where T is a cancelation monoid with the neutral element e. Based 
on the results obtained in previous sections, in this section we demonstrate, by means 
of A/Wl, how to determine the projective dimension of a finitely generated T-graded 
A-module M, and how to determine the (graded) left global homological dimension of A. 

We first fix some notations. Write D for the T-graded division ring A/Wl, i.e. D = 
A/Wl. Then D e = A e /m is a division ring in the classical sense, where m = SDTn A e is the 
maximal ideal of the (classical) local ring A e . For an A-module M, we write p.dim^M 
for the projective dimension of M over A in the usual sense. We also write gr.l.gl.dimA 
for the graded left global dimension of A, which is, in view of Proposition 1.2, defined as 

gr.l.gl.dhm4 = sup{p.dim A M | M any left T-graded A-module}. 

Indeed, the definition gr.l.gl.dim given above needs only to consider all finitely generated 
(or all cyclic) T-graded A-modules (see [LVOl], or see [LV02], where in the proof of 
Proposition 2.5.3 it is enough to replace gr-free modules over a group G-graded ring by 
gr-free modules over a monoid T-graded ring). 

6.1. Lemma Suppose that A is left gr-Noetherian, i.e., each graded left ideal of A is 
finitely generated. Let iV be a nonzero and finitely generated T-graded A-module. If 
Torf(D, N) = {0} then N is a free A-module. 

Proof Since N ^ {0} and is finitely generated, E = N/WIN ^ {0} by Lemma 4.2. It 
follows from Proposition 4.4 that E is gr-free over D = A/Wl, and if il = {£1, . . . , £ s } is a 
minimal homogeneous generating set of N, then Q = {£1, . . . ,£ s } is a homogeneous free 
.D-basis for E, where each & = & + TIN is the residue class of & in E. Let F = ®f =1 Aei 
be the gr-free A-module of gr-rank s with the homogeneous free A-basis {e^ | d(eA = 
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d(£i), 1 < i < s } 5 an d consider the short exact sequence 

— >■ K — > F ^ N — >0 

in which tp(ei) — 1 < % < s, and F = Kery9. If Torf(.D, AT) = {0}, then it follows from 
standard homological algebra (e.g. [Rot], P. 188) that the sequence 

— > D® A K —> D® A F ^ D® A N — >0 

is exact. But by the construction of F and ip we know that 1 ®tp is an isomorphism of gr- 
free D-modules. Hence D® A K = {0}. Thus, the canonical isomorphism K/DJIK = D® A 
K turns out that K/DJIK = {0}. Note that A is left gr-Noetherian by our assumption. 
So, K is finitely generated, and by Lemma 4.2, K = {0}. This shows that <p is an 
isomorphism, i.e. N is free, as desired. □ 

6.2. Theorem Suppose that A is left gr-Noetherian. The following statements hold. 

(i) Let M be a finitely generated T-graded A-module. Then, p.dim^M < n < oo if and 
only if Tor^ +1 (D, M) = for some integer n > 0, where D = A/VJl. 

(ii) Let M be a finitely generated T-graded A-module. Then p.dim^M = the length of a 
minimal gr-free resolution of M over A. 

(iii) gr.l.gl.dimA = p.dim^D. 

(iv) gr.l.gl.dimA < inj.dimyiD, where inj.dim^D stands for the (classical) injective dimen- 
sion of D over A. 

Proof (i) If p.dim^M < n < oo, then clearly Tor^ +1 (D,M) = {0}. Conversely, suppose 
that Tor^ +1 (D,M) = {0} for some integer n > 0. Construct an exact sequence of T- 
graded A-modules and graded A-homomorphisms 

— > K n — ► F n _ x ^ ► F ^> M — ► 

in which each Fj is a gr-free A-module of finite gr-rank, and F n = Ker</? n _! is finitely 
generated. By standard homological algebra (e.g. [Rot], Corollary 6.13), we have 

Tor^(D, K n ) = Torf l+1 (D,M) = {0}. 

It follows from Lemma 6.1 that K n is free. Hence p.dim^M < n. 
(ii) Let 

T. ■ ■ ■ — > F n F„_i ^-l ■ ■ ■ Fi F M — > 

be a minimal gr-free resolution of M as constructed in Section 5. Then since Im</? n C 
07tF„_i for n > 1, the derived sequences D (gu J 7 , and Hom^(J r ., D) give rise to 

Tor^(D, M) = D in = Ext£(M, D), gr-rankF„ = i„, n > 1. 
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Furthermore, by the well-known fact that Tor^(D, M) and Ext^(M, D) are invariant with 
respect to projective resolution we conclude that p.dim^M = the length of J 7 .. 

(iii) Since D = A/DJI is a T-graded cyclic A-module, we have p.dim^D < gr.l.gl.dimA 
Conversely, if p.dim^D = oo, then gr.l.gl.dimA < p.dim^D. In the case that p.dim^D = 
n < oo, we have Tor^ +1 (_D,M) = {0} for every finitely generated T-graded A-module 
M. It follows from (i) that gr.l.gl.dimA < n. Thus, we have reached the equality 
gr.l.gl.dimA = p.diuu-D. 

(iv) If inj.dini4_D = oo, then gr.l.gl.dimA < inj.dim^D. Suppose inj.dim^D = n < oo. 
We first prove the following 

Claim 1 If N is a nonzero finitely generated T-graded A-module with the property that 
WIN = {0}, then inj.dim A iV < n. 
Let f2 = {£i,...,£ s } be a homogeneous generating set of N. We prove Claim 1 by 
induction on s. If s = 1 and = 7*, then the familiar A-module epimorphism 

A N = A£i defined by tp(a) = a£i has the property that </?(A 7 ) C jV 77 . for all 7 G T. 
By means of the cancelation law on T it is easy to check that Kenp is a graded left ideal 
of A. If TIN = {0}, then 971 C Kery? and consequently Kery? = 9Jt because Wl is also 
a maximal graded left ideal of A by Section 2. Thereby N = A/ffll = D, and it follows 
that inj.diuuiV = inj.dim^D — n. If s > 1, then by the induction hypothesis we have 
inj.diuuiVi < n, where Ni = X!i=2 A£»- Furthermore, the exact sequence 

— > iVi — > N — > N/Nx — > 

entails that inj.dim^iV < n. So Claim 1 is proved. 

We complete the proof by showing the following 
Claim 2 If M is a finitely generated T-graded A-module, then p.dim^M < n. 

Construct an exact sequence of T-graded A-modules and graded A-homomorphisms 

— > K — > F n _x ■ • • — > F M — > (1) 

in which each Fj is a gr-free A-module of finite gr-rank, and K = Ker(/9„_! is finitely 
generated, and consider the exact sequence 

— > L -A F K — >0 (2) 

in which F is a gr-free A-module of finite gr-rank, tp is a graded epimorphism, L = Kerip 
and I is the inclusion map. If L = {0}, then K is free and (1) gives rise to p.dim^M < n. 
If L ^ {0}, then since A is left gr-Noetherian and hence the graded submodule L of F 
is finitely generated, Lemma 4.2 ensures N = L/WIL ^ {0}. Since TIN = {0}, we have 
inj.dim^iV < n by Claim 1. So if we consider an injective resolution 

— > N — > Q — > Qi — > • • • — > Q n — > (3) 
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of N, then standard homological algebra tells us that Ext(M, Q n ) = {0} implies 
Ext(K,N) = {0}. It follows that the exact sequence (2) yields the exact sequence 

— > Eom A (K, N) — y Hom A (F, N) — > Hom A (L, N) — > (4) 

Let 7r: L — >■ N = L/DJIL be the canonical graded A-epimorphism. Then by the exactness 
of (4), there is an a G Hom^F, N) mapping to 7r, namely the diagram 

L — F 

)/' a 



N 

I 




(5) 



is commutative. Note that t and ir are graded A-homomorphism. By using the cancelation 
law on T, one may check that ([NVO], Lemma 1.2.1) works with respect to the diagram 
(5), i.e., there exists a graded A-homomorphism F N such that f3£ = ir (see also 
the proof of Proposition 1.2 in Section 1). Thus, by the gr-freeness of F, there is a 
graded A-homomorphism F — > L such that 7fd = p. It follows from Trfii = pi = n that 
^{di — 1l) = 0. Put p = di — 1l- Then irp = implies Imp C Ker7r = Moreover, 
since x — (1l + p)(x) — p(x) for all x G L, we have L = Im(l^ + p) + So, by Lemma 

4.2, L = Im(l£ + p). This shows that 1^ + p = di is surjective. Noticing that L is a 
left gr-Noetherian A-module, we may show, actually as in the ungraded case, that the 
graded A-homomorphism L — > L is an isomorphism. Hence, the sequence (2) splits, i.e., 
there is an A-homomorphism F — > L such that t£ = I/,. This yields the isomorphism 
F = L@K , showing that K is a projective A-module. Turning back to the exact sequence 
(1), we conclude that p.dim^M < n, as claimed. □ 

The next theorem generalizes ([Lil], Theorem 3.1(2)) which deals with an N-graded 
left Noetherian ring with A a local ring in the classical sense. 

6.3. Theorem Let A be as in Theorem 6.2, and D = A/ffll. Assume further that T is 
well-ordered by a well-ordering -< such that the neutral element e is the smallest element 
in T. Then 

l.gl.dimA = p.dim A D = inj.dim^D, 
where l.gl.dimA is referred to as the left global dimension of A. 

Proof Consider the T-grading filtration J- 'A = {J r 7 A} 7er of A = © 7er A 7 defined by 
letting T^A = ©y^Ay, 7 G T. Then A is turned into a T-filtered ring in the sense that 



23 



1 G J- e A, A = U-yzrJ'-fA and T^AT^A C T lxl ^A for all 71,72 € T. Considering the 
associated T-graded ring of A with respect to FA, which is by definition the T-graded 
ring G(A) = © 7er G(A) 7 with G(A) 1 = T^AjT^A, where T^A = Uy^JyA, it is 
clear that A = G(A) as T-graded rings. Hence, it follows from ([Li2], Corollary 4.12) 
that l.gl.dimA < gr.lgl.dimA But it is clear that gr.l.gl.dimA < l.gl.dimnA Therefore, 
Theorem 6.2 entails the desired equality l.gl.dimA = p.dim^D = inj.dim A D. 
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